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Abstract. The objective of this work is to propose a model abled to optimize the mechanical 
properties from gaseous nitriding of steels (hardness, residual stresses) for a given loading and 
fatigue lifetime. Multiaxial fatigue criteria are used and the present study focuses on the influence of 
residual stresses. Starting from a surface loading profile, the theoretical residual stress in-depth 
profile can be calculated aiming infinite fatigue lifetime. The model allows then optimization of the 
nitriding parameters. 
Introduction 
Compressive residual stresses provide the material with a better fatigue strength [1]. Fatigue lifetime 
calculations can take into account residual stresses thanks to multiaxial fatigue criteria [2]. Gaseous 
nitriding generates significant improvements in mechanical properties of the surface of steel-made 
parts, such as hardness and the development of high compressive residual stresses [3-5].  
Residual stresses found origins through the volume change resulting from the phase 
transformations during nitriding [6]. For a given steel composition, the generation of residual stresses 
is influenced by the temperature, time, and ammonia dissociation rate of nitriding [7].  
The present work aims to consider the development of residual stresses from nitriding to the 
calculation of the fatigue lifetime of nitrided parts. A model is proposed to calculate the theoretical 
residual stress in-depth profile depending on the loading and required durability of a workpiece.  
Modelling 
Multiaxial fatigue criteria. Fatigue criteria allow taking into account the mechanical characteristics 
of treated materials. The interest has focused on criteria expressed in terms of hydrostatic pressure 𝑃𝐻 
since it is an addition of the loading and residual stresses. The Dang Van [9] criterion was used, in 
order to predict the initiation of material failure. 
The Dang Van criterion, EDV, is used as shown in (Eq. 4) [9]. 
𝐸𝐷𝐷 = max𝑡∈𝑇 �𝜏(𝑡)+𝛼𝐷𝐷𝑃𝐻(𝑡)𝛽𝐷𝐷 � (4) 
The hydrostatic pressure 𝑃𝐻(𝑡) is an addition of applied stresses 𝜎𝑎𝑎𝑎(𝑡) and residual stresses 
𝜎𝑟𝑟𝑟(𝑡) :  
𝑃𝐻(𝑡) = 13 𝑡𝑡(𝜎𝑎𝑎𝑎(𝑡) + 𝜎𝑟𝑟𝑟(𝑡))  (2) 
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The slope, 𝛼𝐷𝐷, of the line is calculated with respect to the fatigue properties of the non nitrided core 
material [2]. The coefficient 𝛽𝐷𝐷 takes into account the hardness HV(Z) at a given depth Z induced by 
nitriding [1] : 
𝛽𝐶(𝑧) = 𝛽0 �𝐻𝐷(𝑍)𝐻𝐷0 �𝑛 (3) 
Where the coefficients 𝛽0 and 𝐻𝑉0 are a constant and hardness for the core material. The coefficient 
n is a work-hardening coefficient. 
The shear stress 𝜏(𝑡) is equal to the Tresca criterion. Thus, it is calculated with the eigenvalues of 
the stress tensor given in (Eq. 5). 
𝜏(𝑡) = 1
2
max(|𝜎1(𝑡) − 𝜎2(𝑡)|, |𝜎2(𝑡) − 𝜎3(𝑡)|, |𝜎3(𝑡) − 𝜎1(𝑡)| ) (5) 
This fatigue criterion can be used, on one hand, to calculate the fatigue lifetime by setting the 
mechanical properties (residual stress, hardness) of the nitrided layers, or on the other hand, the 
optimisation of the mechanical properties can be achieved by setting the required fatigue lifetime.  
Calculation of a fatigue lifetime. The purpose is to determine a fatigue lifetime in-depth profile 
for a nitrided layer and for a given failure probability. At each depth, the number of cycles N such 
that E(N) = 1 is determined (Fig.1). The hydrostatic pressure and applied stresses are functions of the 
depth, whereas the coefficients of criterion also depend on the number of cycles N [2]. At each depth, 
𝛼(𝑁) and 𝛽(𝑁) must then be determined for each new number of cycles N. 
 
Figure 1. Determination of the fatigue lifetime. 
Influence of compressive residual stresses 
In order to show the influence of the residual stress and hardness on the fatigue strength, 
calculation of the fatigue lifetime on a tooth flank was performed with and without nitriding.  
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Input data. The present work deals with gaseous nitriding of a carbon iron-based alloy. Material 
and nitriding parameters remain confidential. The residual stress 𝜎𝑟𝑟𝑟 and hardness HV in-depth 
profiles used in order to point out the effect of the mechanical properties provided by nitriding on the 
fatigue lifetime of a carbon iron-based alloy are given in Fig. 2.a and 2.b respectively. The residual 
stress is obtained by X-ray diffraction in the ferrite. A Siemens D500 diffractometer is used with 
Chromium radiation 𝐾𝛼 on the diffraction plane in ferrite {2 1 1}. In order to determine the mean 
residual stress 𝜎𝑟𝑟𝑟 𝑥𝑥 − 𝜎𝑟𝑟𝑟 𝑧𝑧, the 𝑠𝑠𝑛2𝜔 method is used and Electro-chemical polishing provides 
each depth. The hardness is measured with a microdurometer.  
 
 
 
Figure 2: Residual stress in ferrite obtained by X-ray diffraction (a.) and Hardness obtained by 
microdurometer with effective depth Zeff (b.) in-depth profiles after nitriding of a carbon iron-
based alloy. 
The shear stress 𝜏(𝑡) and hydrostatic pressure 𝑃𝐻 are determined according to the residual stress in-
depth profile from nitriding (Fig. 2.a) and the shear stress from simulation of the contact pressure on 
a tooth flank (Fig. 3). 
 
 
Figure 3: Shear stress profiles from simulation of the contact pressure on a tooth flank at a given 
interval of time dt. 
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Results. The comparison between the loading before (as round marks) and after (as square marks) 
nitrding is given in Fig. 4 for a durability of 107 cycles and 10-6 % failure probability.  
 
 
 
Figure 4: Loading with (red square) and without (purple round) nitriding according to the Dang 
Van criterion (purple surface) considering 107 cycles and a 10-6 % probability of failure. Filled 
marks are located above the Dang Van surface. 
 
The boundary surface (shown in purple in Fig. 4) separates the rupture zone (above) from the non-
rupture zone (underneath). The loading points without nitriding are above the fatigue limit surface 
between 0 and 250 µm depth. Therefore, the probability of failure close to the surface is not 
negligible for a steel without nitriding. The necessity of nitriding is given as empty square points, all 
being below the fatigue limit surface. This result is explained by the decrease of the hydrostatic 
pressure due to the compressive residual stress effect provided by nitriding. 
Increased hardness through the nitrided layer also has a positive effect on the fatigue strength of 
the material. It shifts up the fatigue boundary surface and increases the non-rupture zone. The 
hardness effect is lower than for residual stresses as given in Fig. 4. However it is important to point 
out the significant influence of hardness on increasing the yield strength [2].  
Optimization of residual stresses: the minimum requirement for gears 
Thanks to previous multiaxial fatigue criteria, the theoretical residual stress and hardness in-depth 
profiles can be calculated for a given load, probability of failure, and core hardness. The profiles are 
calculated independently of one another. An example is given in Fig. 5 and by considering the 
previous loading on the flank of a gear tooth. The durability is equal to 107 cycles, the probability of 
failure to 10-6 % and the core hardness to 400 HV0,2. 
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Figure 5: theoretical and experimental hardness (a.) and residual stress (b.) in-depth profiles 
based on the Dang Van’s criterion for 107 cycles and a 10-6 % probability of failure for a flank 
gear tooth (the applied load is given in Fig. 2). 
 
As illustrated in Fig. 5.a, the calculated stress and hardness profiles are a boundary between a rupture 
and non-rupture zone. To improve the mechanical properties, a compressive residual stress must be 
sustained up to 350 µm in depth when considering a constant hardness of 400 HV0,2. Moreover, 
compressive residual stresses of the order of -310 MPa are needed to avoid crack initiation at the 
extreme surface due to the hertz pressure on the flank [11]. Tensile stresses due to the rebalancing in 
sublayers may theoretically be permitted, but must be limited, and even more avoided, such that 
rupture is prevented. Without any residual stresses, the boundary is more important than the 1000 
HV0,2 of hardness provided by nitriding (Fig. 5.b). In the case of residual stress, the experimental 
curve is located in the non-rupture zone. However, the experimental hardness is not sufficient against 
the rupture.   
Conclusion 
Nitriding has benefit properties for the improvement of the fatigue lifetime of the gears. This 
improvement includes the residual stress and increased hardness in nitrided layers. Multiaxial fatigue 
criteria were used to firstly predict the fatigue lifetime based on mechanical properties improvements 
given by nitriding, and secondly predict the ideal residual stress and hardness in-depth profiles for a 
given durability and probability of failure of nitride steel-made parts. Although the effect of hardness 
on the lifetime is not as significant as for residual stresses, the present model will allow to carefully 
optimize the nitriding parameters for a given fatigue lifetime. Specimens were sized to validate the 
fatigue lifetime prediction and the results will come soon. The influence of the relaxation of residual 
stress during the mechanical tests will also be studied. 
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